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TABLE II. Numerical evaluation of criteria on the validity of 
the suggested {w,<f>,p,B} resonance model for nucleon electro­
magnetic structure. The left-hand sides of Eqs. (21), (22), and 
(24) are numerically tabulated for this model. 

Equation Numerical Theoretical 
number result constraint 

(21) 
Vector case (-0.016±0.022) F2 - 0 

(21) 
Scalar case (0.199±0.687) F2 - 0 

(22) 
lim {<fGB*) (-6.36±1.46) F~2 J> 0 

g2-»oo 

(24) 
lim(q*GM

p) (4.68=hl.46) F~2 $>0 
q2-+ao 

Within the experimental errors, the model is not 
inconsistent with the threshold condition, Eq. (21), 
and the positivity condition on limff*-»00(<72Gjifp), Eq. 

INTRODUCTION 

THEORETICAL and experimental physicists are 
currently investigating mixing between particles 

of the same spin, parity, charge, and baryon number.1"4 

It is the aim of this paper to show how a sound theo­
retical basis might be given, from which the conse­
quences of mixing could be predicted. In the belief that 
it is the most interesting and physically relevant case, 
we confine the discussion to the mixing of neutral vector 
particles, such as the photon and <p, p, co mesons, which is 
caused by their interactions with conserved currents 
(which we shall assume renormalizable). 

In the main part of the paper we show how mixing 
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(24). However, the positivity restriction on limfl2-*» 
(q2GE

p), Eq. (22), is badly violated. It should be 
noted that this latter condition is completely independ­
ent of the threshold condition. Although the effective 
masses of the vector particles may be shifted slightly 
due to their broad widths,15 this effect (or the experi­
mental uncertainties in the masses) does not signif­
icantly modify the above results. Consequently, we 
conclude that the {co,0,p,jB} resonance model cannot 
accommodate all of the most evident general features of 
the experimental data on nucleon electromagnetic form 
factors. 
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may be correctly taken into account by an extension 
of conventional renormalization, and we then consider 
photon-vector-meson mixing as a particular case. 

VECTOR-PARTICLE FIELD THEORY 

We can use covariant notation5 to write the Lagran-
gian density6 for neutral vector fields Av\ i=l, • • -n, 
interacting with conserved currents /M

a, a = l , • • •, N, 
in a particular but arbitrary gauge specified by con­
stants \^. This method allows us to consider massive 
and massless particles together; for the latter, we shall 
put in a mass M, and take the limit M—»0 at the 
appropriate place. 

L^LolA\mh\ t - ] -E« giaAjJf 
+terms not involving the yl's, (2.1) 

5 See G. Feldman and P. T. Matthews, Phys. Rev. 130, 1633 
(1963). 

6 We use the notation a^b^a^b^—a*b and dMs (d/dxo, —d/dx). 
Repeated indices i, j , k are summed over, but the repeated index a 
is only summed over when 2Ja precedes the expression involved, 
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The field theory of neutral vector particles interacting with conserved currents is investigated as an 
example of particle mixing. It is shown that a generalization of conventional renormalization is necessary 
when mixing occurs, and that the observable masses and coupling constants are sufficient to determine 
transition amplitudes, without recourse to mixing parameters. The universality of electric charge renormali­
zation is not changed when photon-vector-meson mixing is possible. 
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-L-0-1<>-5- FIG. 1. Feynman 
diagram with off-
diagonal poles. 

where 

+imi
2lAfi

iA^-d(iAfi
idvAvi/^i2J 

The constants mt- and gia will be determined from the 
observed masses and coupling constants in the next 
section, although the constants gia might be restricted 
by some underlying theory. 

We can quantize the theory in the usual way, and 
assuming a perturbation solution is valid, calculate 
matrix elements by considering Feynman diagrams. 
The free propagator for the &th field can be written 
gnV/(p2—m>k2), since current conservation ensures that 
there is no contribution from terms involving p^py. 

In order to obtain finite contributions from individual 
diagrams we must define renormalized fields and in­
troduce the physical masses and coupling constants. 
This procedure will also simplify the structure of the 
total propagator, which before renormalization is a 
matrix A1*' with poles in each element (ij). For example 
the diagram in Fig. 1 will contribute poles at p2=rni2, 
M22, and mz2 to the fourth-order propagator. 

RENORMALIZATION 

The renormalized fields Av
l are defined by a linear 

transformation7: 

A,*=R*AW*. (3.1) 

The Lagrangian can then be rewritten in terms of 

constants to be defined below: 

+ te rms not involving the A % (3.2) 
where 

+ te rms of the form <V • -6V • •. 

The renormalized currents Jfi
0C=Z2a~1Jlx

a are defined in 
the usual way, and we define 

RkiRkj — $ijJcC%j, (3.3) 

Rkimk
2Rkj= 8<yM ( o 2 - A y , (3.4) 

gia = (Zi)kctZ2a~1R~1kigkcc, (3.5) 

(Z1)ka=l~Lk^ (3.6) 

We shall now see that if C, D, L are defined correctly, 
gict and Mi are the physical coupling constants and 
masses, and we can then regard Eqs. (3.3)-(3.6) as 
determining the bare constants gia, Wf in terms of the 
physical quantities gia, M^ 

7 We could have written Ra as (Z3
1/2);& to emphasize that this 

is only a generalization of Z* renormalization. 

We can again obtain a perturbation solution, taking 
-Mnt aS the interaction Lagrangian. Neglecting p^py terms, 
we have free propagators g»v/(p

2—Mk
2), (iaa) vertices 

| t a ( l — Z ( O « ) T ^ and (ij) vertices ~g^(Dij+p2Cij). We 
can now define C, D, L so that the resulting proper 
vertex correction gia^Fv (i)a(p,q) and proper self-energy/ 
mixing insertion TLF^KP) are both finite, with the 
following boundary conditions: 

Ajp,fa(M) = 0 when p2=q2=Ma
2, (p-q)2=M? (S.1) 

(between appropriate wave functions), 

n ^ ( # ) = 0 when p2=Mi2 or f=M? (3.8) 

(double zero if i = j). 
I t can then be verified that L and D+p2C are the 

true divergent parts of the vertex and self-energy cor­
rections, when these are calculated by making the appro­
priate subtractions at each intermediate stage instead 
of using counter terms (C,D,L). These vertex and self-
energy corrections, which are merely linear combina­
tions of those which would be obtained from the un-
renormalized theory, can thus be written 

Va(p,q) = Liayv+AFv
i«(p,q), (3.9) 

i V ' f r ) = {g»v-p»pv/p2)[Pij+p2Cij 

+ (p2-Mi
2)(p2-M3

2)XTij(p
2)2i (3.10) 

when we include the p^pp terms required by gauge 
in variance. 

Equation (3.8) implies that the total effective propa­
gator can be written in the form 

^ijXp) = g^ij/(p2-M(i)
2) 

+terms finite at p2=Mk
22, k=l, • • •, n. (3.11) 

I t is to this end that we made the linear transformation, 
Eq. (3.1). This form for the propagator shows that Mi 
can be taken as the physical masses of the asymptotic 
states, and as the masses of intermediate (virtual) 
states. Also, Eq. (3.7) shows that gia are the observed 
coupling constants; the vertex correction vanishes when 
the momenta are on the appropriate mass shells. 

Thus, we have a clear procedure for calculating matrix 
elements. Draw Feynman diagrams with propagators 
gfxv/(p2—Mk2), and vertices giajv, each line correspond­
ing to one particle only. Self-energy parts are sub­
tracted twice, once at each relevant mass (p2=Mi2 and 
p2=Mj2), to obtain finite expressions. I t is easily seen 
that corrections to external lines vanish identically. 
As an example we show the lowest order diagrams for 
fermion-fermion scattering, with the diagrams giving 
the lowest order correction to the vector propagator. 
Summation over i, j , ft is implied. The contribution 
of these diagrams is giagia'/ (p2—Mi)+giagJa'Tij

{-2) (p2). 
Equivalently, if we draw the reduced (Dyson) diagrams 
for any process, the total (matrix) propagator A^v

i}'(p) 
has poles in its diagonal terms only. Figure 3 shows the 
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lowest order Dyson diagrams for the same process, 
giving a contribution gt«2ia'r*aA#r**'. The only pole 
terms which occur in the complete amplitude are 
giagia'/(p2—Mi2). Therefore, if we only require the 
pole terms, we need only consider the first diagram of 
Fig. 2, and do not need diagrams of the type shown in 
Fig. 3 with off-diagonal propagators. Thus we have 
shown that off-diagonal pole terms in the unrenormal-
ized propagator can be incorporated in renormalized 
coupling constants and masses, and that these coupling 
constants and masses are the finite observed quantities. 

Finally, to obtain the usual vector-meson and photon 
states, we must take the limit \& —•> °o for the former 
and Mi —> 0, Xi/Mi —» 1 for the photon (i= 1). Matrix 
elements are obviously continuous in these limits, apart 
from the well-known infrared divergences which occur 
when transition amplitudes are calculated. 

From the first diagram of Fig. 2 we can obtain 
the proton form factor in the presence of a vector 
meson. With obvious notation, the matrix element is 
^/p^gpge/ip^—Mv2), and hence the form factor is 
e+P2gpge/e(p2~Mv

2), which is the Clementel-Villi1'8 

formula in terms of observable quantities. ge is to be 
interpreted as the coupling constant between the elec­
tron and the true physical meson, whether or not the 
bare coupling constant ge of the bare meson is zero. 

THE MIXING PARAMETERS 

We have found that the bare fields are linear com­
binations of the fields defining the true one-particle 
states, and thus the coefficients Rik are the mixing 
parameters of the theory. However, they do not appear 
in matrix elements in the method outlined above, and 
seem to be infinite if calculated by perturbation theory. 

If one assumes particular values for the bare coupling 
constants, such as are given by unitary symmetry, it 
would be possible to find the mixing parameters by 
measuring the physical coupling constants, since 
gxa — Rkigka (ignoring Z\ and Z2 renormalizations). For 
example, if the bare fields represented pure i-spin 
states, one could obtain an estimate of the deviation 
of the physical states from pure i-spin states. 

Only in the most drastic approximation is it pos­
sible to take (R) unitary and to write \i, physical) 
= Rki\k, bare). In fact the physical one-particle states 
contain all possible many-particle bare states; for this 

FIG. 2. Feynman diagrams for ' i IXB 
fermion-fermion scattering. ] U 

l IJ 

8 E . Clementel and C. Villi, Nuovo Cimento 4, 1207 (1956). 

II 

il 

FIG. 3. Dyson diagram for fermion- .. 
fermion scattering. " 

II 

reason it is simpler to work with fields instead of states, 
remembering that it is the renormalized fields which 
define the physical states: 

(Ojl *(0) | k physical)= 8iJc. (4.1) 

However, at the moment it appears necessary to make 
such an approximation in order to calculate the mixing 
parameters.9 

THE PHOTON AND CHARGE RENORMALIZATION 

Let us consider the particular case in which A1 is the 
photon field, and take the limit Mi=0. 

The proper self-energy, Eq. (3.10), must be regular 
at p2—0, and hence 

2 ^ = 0 if i = l or y = l . (5.1) 

It then follows from Eqs. (3.3) and (3.4) that 

(R*)ki=0, k*l, (5.2) 
and 

wi=0. (5.3) 

These results were also obtained in Ref. 1 using the 
one-particle approximation. Both the renormalized and 
the bare photon fields are massless, and the renormal­
ized massive fields have no contribution from the bare 
photon field. We see from this that a gauge transforma­
tion on the bare photon field will not change the massive 
fields. 

It would seem possible that the existence of vector 
mesons, coupled to the proton but not to the electron, 
might lead to different renormalized electron and proton 
charges (if we assume that the bare charges are equal).10 

However, we shall show that as a consequence of Eq. 
(5.2) and Ward's identity, we obtain the same re­
normalized charges. 

Using unrenormalized Heisenberg fields, the total 
fermion propagator is given by 

o(Tta(x)$a(y))o=iSa(x-y). (5.4) 

9 J. Harte and R. G. Sachs, Phys. Rev. 135, B459 (1964). 
10 See the remarks of M. Gell-Mann, in Proceedings of the 1960 

Annual International Conference on High-Energy at Rochester, edited 
by E. Sudarshan, J. Tincot, and A. Melissions (Interscience 
Publishers, Inc., New York, 1960), p. 792. 
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We can define the vertex function Vv
ia by 

= — / / d4ud*u'Sa(x-u) 

giaT^(u-z; z-u')Sa(u'-y). (5,5) 

Taking the divergence and then the Fourier trans­
form of this equation, we obtain the Ward-Takahashi 
identity11'12 for the field Ai interacting with the cur­
rent Ja: 

5.-1(#)-5.-»( ?)=(#-g) ,r ,<«(M), (s.6) 

and thus, 
dSa~Kp)/dpv=TvHp,p)- (5-7) 

The renormalized functions Tv
ia, Sa are given by 

Sa = ZicT^Sa, (5.8) 

gi^^^Z^R-h^Y^. (5.9) 
Therefore, 

Zr\aYv^ {f,p) = Z2a-1dStr
1/dpv, (5.10) 

but 

= (l+Lia)yv^(2-Zlia)yP (5.11) 
and 

dS<T1/dpv(p'i^MJ)=(l~Bia)y^ (2~Z2a)T„; (5.12) 
11Y. Takahashi, Nuovo Cimento 6, 371 (1957). 
12 J. Bernstein, M. Gell-Mann, and L. Michel, Nuovo Cimento 

16, 560 (1960). 

A RECENT paper1,2 has shown, using the method of 
small perturbations, that gaseous masses may 

exhibit a radial instability in the framework of general 
relativity. When discussing instability in Newtonian 
physics, one sometimes uses an energy method to 
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Madison, Wisconsin, under Contract No. DA-11-022-ORD-2059. 

1 S. Chandrasekhar, Phys. Rev. Letters 12, 114 (1964). 
2 S. Chandrasekhar, Phys. Rev. Letters 12, 437 (1964). 

therefore, 

if Mi=0, ZXia=Z^. (5.13) 

Then, from Eqs. (3.5) and (5.2), we deduce that 

gi«=#ngi«, a = l , • • • , # . (5.14) 
This shows that the electric charges of all particles are 
changed by the same factor when renormalized, as we 
asserted. 

CONCLUSION 

We have shown that when mixing occurs, the re­
normalized fields must be taken as linear combinations 
of the bare fields. In order to calculate matrix elements, 
observed masses and coupling constants are used, but 
mixing parameters are not needed. We use a propagator 
whose pole terms are diagonal, and subtract self-energy 
parts at each relevant mass in order to calculate it. 
To lowest order this method gives the same results as 
the prescription of Feldman and Matthews,1 and also 
calculates higher order corrections correctly. 

Finally we have shown that photon-vector-meson 
mixing still allows a zero bare mass for the photon, and 
that in such circumstances the electric charges of 
different particles are again renormalized by the same 
factor. 
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determine the point of instability, and it can be shown 
that in certain cases the methods are equivalent. For the 
case of a general relativistic fluid sphere with constant 
energy density and heat capacity, one can show that the 
two methods give exactly equivalent results at the limit 
where the radius is much greater than the Schwarzschild 
radius. The instability is assumed to occur when the 
binding energy of the system is at a maximum. 

The expression for the binding energy of a static, 
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The point of instability of a general relativistic fluid sphere is determined using the criterion that the point 
of instability occurs when the binding energy is at a maximum. The result is equivalent to the result obtained 
by the small-perturbation method when the radius is sufficiently large. 


